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Digifal Loaic Structures

In Chapter 1, we stated that computers were built from very large numbers of very
simple structures. For example, Intel’s Pentium IV microprocessor, first offered
for sale in 2000, was made up of more than 42 million MOS transistors. The
IBM Power PC 750 FX, released in 2002, consists of more than 38 million MOS
transistors. In this chapter, we will explain how the MOS transistor works (as a
logic element), show how these transistors are connected to form logic gates, and
then show how logic gates are interconnected to form larger units that are needed
to construct a computer. In Chapter 4, we will connect those larger units into a
computer.
But first, the transistor.

31 The Transistor

Most computers today, or rather most microprocessors (which form the core of the
computer) are constructed out of MOS transistors. MOS stands for metal-oxide
semiconductor. The electrical properties of metal-oxide semiconductors are well
beyond the scope of what we want to understand in this course. They are below
our lowest level of abstraction, which means that if somehow transistors start
misbehaving, we are at their mercy. It is unlikely that we will have any problems
from the transistors.

However, it is useful to know that there are two types of MOS transistors:

P-type and n-type. They both operate “logically,” very similar to the way wall
switches work.
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Figure 3.2  The n-type MOS transistor

Figure 3.1 shows the most basic of electrical circuits: a power supply (in this
case, the 120 volts that come into your house), a wall switch, and a lamp (pluggec
into an outlet in the wall). In order for the lamp to glow, electrons must flow; ir
order for electrons to flow, there must be a closed circuit from the power suppls
to the lamp and back to the power supply. The lamp can be turned on and off by
simply manipulating the wall switch to make or break the closed circuit.

Instead of the wall switch, we could use an n-type or a p-type MOS transisto
to make or break the closed circuit. Figure 3.2 shows a schematic rendering o!
an n-type transistor (a) by itself, and (b) in a circuit. Note (Figure 3.2a) that the
transistor has three terminals. They are called the gate, the source, and the drain
The reasons for the names source and drain are not of interest to us in this course
What is of interest is the fact that if the gate of the n-type transistor is supplied witt
2.9 volts, the connection from source to drain acts like a piece of wire. We say (it
the language of electricity) that we have a closed circuit between the source anc
drain. If the gate of the n-type transistor is supplied with O volts, the connectior
between the source and drain is broken. We say that between the source and drair
we have an open circuit.

Figure 3.2b shows the n-type transistor in a circuit with a battery and a bulb
When the gate is supplied with 2.9 volts, the transistor acts like a piece of wire
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Figure 3.3 A p-type MOS transistor

completing the circuit and causing the bulb to glow. When the gate is supplied
with 0 volts, the transistor acts like an open circuit, breaking the circuit, and
causing the bulb not to glow.

Figure 3.2c is a shorthand notation for describing the circuit of Figure 3.2b.
Rather than always showing the power supply and the complete circuit, electrical
engineers usually show only the terminals of the power supply. The fact that
the power supply itself provides the completion of the completed circuit is well
understood, and so is not usually shown.

The p-type transistor works in exactly the opposite fashion from the n-type
transistor. Figure 3.3 shows the schematic representation of a p-type transistor.
When the gate is supplied with 0 volts, the p-type transistor acts (more or less)
like a piece of wire, closing the circuit. When the gate is supplied with 2.9 volts,
the p-type transistor acts like an open circuit. Because the p-type and n-type
transistors act in this complementary way, we refer to circuits that contain both
p-type and n-type transistors as CMOS circuits, for complementary metal-oxide
semiconductor.

3.0 Logic Gates

One step up from the transistor is the logic gate. That is, we construct basic logic
structures out of individual MOS transistors. In Chapter 2, we studied the behavior
of the AND, the OR, and the NOT functions. In this chapter we construct transistor
circuits that implement each of these functions. The corresponding circuits are
called AND, OR, and NOT gates.

3.2.1 The NOT Gate (Inverter)

Figure 3.4 shows the simplest logic structure that exists in a computer. It is con-
structed from two MOS transistors, one p-type and one n-type. Figure 3.4a is
the schematic representation of that circuit. Figure 3.4b shows the behavior of
the circuit if the input is supplied with 0 volts. Note that the p-type transistor
conducts and the n-type transistor does not conduct. The output is, therefore,
connected to 2.9 volts. On the other hand, if the input is supplied with 2.9 volts,
the p-type transistor does not conduct, but the n-type transistor does conduct. The
output in this case is connected to ground (i.e., 0 volts). The complete behavior
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Figure 3.4 A CMOS inverter

of the circuit can be described by means of a table, as shown in Figure 3.4c. If
we replace 0 volts by the symbol 0 and 2.9 volts by the symbol 1, we have the
truth table (Figure 3.4d) for the complement or NOT function, which we studied
in Chapter 2.

In other words, we have just shown how to construct an electronic circuit that
implements the NOT logic function discussed in Chapter 2. We call this circuit
a NOT gate, or an inverter.

3.2.2 OR and NOR Gates

Figure 3.5 illustrates a NOR gate. Figure 3.5a is a schematic of a circuit that
implements a NOR gate. It contains two p-type and two n-type transistors.

Figure 3.5b shows the behavior of the circuit if A is supplied with 0 volts and
B is supplied with 2.9 volts. In this case, the lower of the two p-type transistors
produces an open circuit, and the output C is disconnected from the 2.9-volt
power supply. However, the leftmost n-type transistor acts like a piece of wire,
connecting the output C to 0 volts.

Note that if both A and B are supplied with 0 volts, the two p-type transistors
conduct, and the output C is connected to 2.9 volts. Note further that there is
no ambiguity here, since both n-type transistors act as open circuits, and so C is
disconnected from ground.

If either A or B is supplied with 2.9 volts, the corresponding p-type transistor
results in an open circuit. That is sufficient to break the connection from C to
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Figure 3.5  The NOR gate

the 2.9-volt source. However, 2.9 volts supplied to the gate of one of the n-type
transistors is sufficient to cause that transistor to conduct, resulting in C being
connected to ground (i.e., 0 volts).

Figure 3.5¢ summarizes the complete behavior of the circuit of Figure 3.5a.
It shows the behavior of the circuit for each of the four pairs of voltages that can
be supplied to A and B. That is,

A = 0 volts, B = 0 volts
A = 0 volts, B = 2.9 volts
A =29volts, B =0 volts
A=29volts, B =2.9 volts

If we replace the voltages with their logical equivalents, we have the truth
table of Figure 3.5d. Note that the output C is exactly the opposite of the logical
OR function that we studied in Chapter 2. In fact, it is the NOT-OR function,
more typically abbreviated as NOR. We refer to the circuit that implements the
NOR function as a NOR gate.

If we augment the circuit of Figure 3.5a by adding an inverter at the output, as
§h0wn in Figure 3.6a, we have at the output D the logical function OR. Figure 3.6a
18 the circuit for an OR gate. Figure 3.6b describes the behavior of this circuit if
the input variable A is set to 0 and the input variable B is set to 1. Figure 3.6¢
shows the circuit’s truth table.
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3.2.3 AND and NAND Gates

Figure 3.7 shows an AND gate. Note that if either A or B is supplied with 0 volts,
there is a direct connection from C to the 2.9-volt power supply. The fact that C
is at 2.9 volts means the n-type transistor whose gate is connected to C provides
a path from D to ground. Therefore, if either A or B is supplied with O volts, the
output D of the circuit of Figure 3.7 is 0 volts.

Again, we note that there is no ambiguity. The fact that at least one of the two
inputs A or B is supplied with O volts means that at least one of the two n-type
transistors whose gates are connected to A or B is open, and that consequently,
C is disconnected from ground. Furthermore, the fact that C is at 2.9 volts means
the p-type transistor whose gate is connected to C is open-circuited. Therefore,
D is not connected to 2.9 volts.

On the other hand, if both A and B are supplied with 2.9 volts, then both
of their corresponding p-type transistors are open. However, their corresponding
n-type transistors act like pieces of wire, providing a direct connection from C to
ground. Because C is at ground, the rightmost p-type transistor acts like a closed
circuit, forcing D to 2.9 volts.
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Figure 3.7  The AND gate

Figure 3.7b summarizes in truth table form the behavior of the circuit of
Figure 3.7a. Note that the circuit is an AND gate. The circuit shown within the
dashed lines (i.e., having output C) is a NOT-AND gate, which we generally
. abbreviate as NAND.
§ The gates just discussed are very common in digital logic circuits and in
. digital computers. There are millions of inverters (NOT gates) in the Pentium IV
% microprocessor. As a convenience, we can represent each of these gates by stan-
- dard symbols, as shown in Figure 3.8. The bubble shown in the inverter, NAND,
- and NOR gates signifies the complement (i.e., NOT) function.

From now on, we will not draw circuits showing the individual transistors.
% Instead, we will raise our level of abstraction and use the symbols shown in
% Figure 3.8.
.

- - -
(@) Inverter (b) AND gate (c) OR gate
(d) NAND gate (e) NOR gate

Figure 3.8 Basic logic gates
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Figure 3.9  DeMorgan’s law

3.2.4 DeMorgan’s Law

Note (see Figure 3.9a) that one can complement an input before applying it to a
gate. Consider the effect on the two-input AND gate if we apply the complements
of A and B as inputs to the gate, and also complement the output of the AND
gate. The “bubbles” at the inputs to the AND gate designate that the inputs A and
B are complemented before they are used as inputs to the AND gate.

Figure 3.9b shows the behavior of this structure for the input combination

A =0,B = 1.Forease of representation, we have moved the bubbles away from
the inputs and the output of the AND gate. That way, we can more easily see what
happens to each value as it passes through a bubble.

Figure 3.9c summarizes by means of a truth table the behavior of the logic
| circuit of Figure 3.9a for all four combinations of input values. Note that the NOT
of A is represented as A.
| We can describe the behavior of this circuit algebraically:

AANDB=AORB
We can also state this behavior in English:

“Tt is not the case that both A and B are false” is equivalent to saying “At
least one of A and B is true.”

This equivalence is known as DeMorgan’s law. Is there a similar result if one
inverts both inputs to an OR gate, and then inverts the output?

3.2.5 Larger Gates

Before we leave the topic of logic gates, we should note that the notion of AND,
OR, NAND, and NOR gates extends to larger numbers of inputs. One could build
a three-input AND gate or a four-input OR gate, for example. An n-input AND
gate has an output value of 1 only if ALL n input variables have values of 1. If
any of the n inputs has a value of 0, the output of the n-input AND gate is 0. An
n-input OR gate has an output value of 1 if ANY of the n input variables has 2
value of 1. That is, an n-input OR gate has an output value of 0 only if ALL 7
input variables have values of 0.
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Figure 3.10 A three-input AND gate

Figure 3.10 illustrates a three-input AND gate. Figure 3.10a shows its truth
table. Figure 3.10b shows the symbol for a three-input AND gate.

Can you draw a transistor-level circuit for a three-input AND gate? How
about a four-input AND gate? How about a four-input OR gate?

3.3 Combinafional Logic Circuits

Now that we understand the workings of the basic logic gates, the next step
is to build some of the logic structures that are important components of the
microarchitecture of a computer.
There are fundamentally two kinds of logic structures, those that include
the storage of information and those that do not. In Sections 3.4, 3.5, and 3.6,
‘ we will deal with structures that store information. In this section, we will deal
[ with those that do not. These structures are sometimes referred to as decision
elements. Usually, they are referred to as combinational logic structures, because
their outputs are strictly dependent on the combination of input values that are
being applied to the structure right now. Their outputs are not at all dependent on
any past history of information that is stored internally, since no information can
be stored internally in a combinational logic circuit.
We will next examine a decoder, a mux, and a full adder.

3.3.1 Decoder |

Figure 3.11 shows a logic gate description of a two-input decoder. A decoder
has the property that exactly one of its outputs is 1 and all the rest are Os. The
one output that is logically 1 is the output corresponding to the input pattern
that it is expected to detect. In general, decoders have n inputs and 2" out-
puts. We say the output line that detects the input pattern is asserted. That is,
that output line has the value 1, rather than O as is the case for all the other
output lines. In Figure 3.11, note that for each of the four possible combina-
tions of inputs A and B, exactly one output has the value 1 at any one time. In
f;gus‘teg. 11b, the input to the decoder is 10, resulting in the third output line being
serted.

The decoder is useful in determining how to interpret a bit pattern. We will

See in Chapter 5 that the work to be carried out by each instruction in the LC-3 is
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Figure 3.11 A two-input decoder

determined by a four-bit pattern, called an opcode, that is part of the instruction.
A 4-to-16 decoder is a simple combinational logic structure for identifying what
work is to be performed by each instruction.

3.3.2 Mux

Figure 3.12a shows a gate-level description of a two-input multiplexer, more
‘ commonly referred to as a mux. The function of a mux is to select one of the

inputs and connect it to the output. The select signal (S in Figure 3.12) determines
which input is connected to the output. The mux of Figure 3.12 works as follows:
Suppose S = 0, as shown in Figure 3.12b. Since the output of an AND gate is
\ 0 unless all inputs are 1, the output of the rightmost AND gate is 0. Also, the
1 output of the leftmost AND gate is whatever the input A is. That is, if A = 0,
| then the output of the leftmost AND gate is 0, and if A = 1, then the output isl
“ Since the output of the rightmost AND gate is 0, it has no effect on the OR gate.

Consequently, the output at C is exactly the same as the output of the leftmos
AND gate. The net result of all this is that if § = 0, the output C is identical tc
the input A.

On the other hand, if § = 1, it1is B that is ANDed with 1, resulting in the
output of the OR gate having the value of B.

In summary, the output C is always connected to either the input A or the
input B—which one depends on the value of the select line S. We say S select
the source of the mux (either A or B) to be routed through to the output C
Figure 3.12c shows the standard representation for a mux.

In general, a mux consists of 2" inputs and n select lines. Figure 3.13a shows
gate-level description of afour-input mux. It requires two select lines. Figure 3.13!
shows the standard representation for a four-input mux.

Can you construct the gate-level representation for an eight-input mux? Hoy
many select lines must you have?
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3.3.3 Full Adder

In Chapter 2, we discussed binary addition. Recall that a simple algorithm for
binary addition is to proceed as you have always done in the case of decimal
addition, from right to left, one column at a time, adding the two digits from the
two values plus the carry in, and generating a sum digit and a carry to the next
column. The only difference is you get a carry after 1, rather than after 9.

Figure 3.14 is a truth table that describes the result of binary addition on one
column of bits within two n-bit operands. At each column, there are three values
hat must be added: one bit from each of the two operands and the carry from the
Tevious column. We designate these three bits as a;, b;, and carry;. There are
WO results, the sum bit (s;) and the carryover to the next column, carry;y1. Note
that if only one of the three bits equals 1, we get a sum of 1, and no carry (i.e.,
arryiy1 = 0). If two of the three bits equal 1, we get a sum of 0, and a carry
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a; b; carry; carryi, S;
0 0 0 0 0
0 0 1 0 1
0 1 0 0 1
0 1 1 1 0
1 0 0 0 1
1 0 1 1 0
1 1 0 1 0
1 1 1 1 1

Figure 3.14 A truth table for a binary adder

of 1. If all three bits equal 1, the sum is 3, which in binary addition corresponds
to a sum of 1 and a carry of 1.

Figure 3.15 is the gate-level description of the truth table of Figure 3.14. Note
that each AND gate in Figure 3.15 produces an output 1 for exactly one of the
eight input combinations of a;, b;, and carry;. The output of the OR gate for Ci+1
must be 1 in exactly those cases where the corresponding input combinations in
Figure 3.14 produce an output 1. Therefore the inputs to the OR gate that generates
Ci1 are the outputs of the AND gates corresponding to those input combinations.
Similarly, the inputs to the OR gate that generates S; are the outputs of the AND
gates corresponding to the input combinations that require an output 1 for S; in
the truth table of Figure 3.14.

S;

1\
_ = Ci+1
=

ik

G

Figure 3.15 Gate-level description of a full adder
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Figure 3.16 A circuit for adding two 4-bit binary numbers

Note that since the input combination 000 does not result in an output 1 for
either C;y1 or §;, its corresponding AND gate is not an input to either of the two
OR gates.

We call the logic circuit of Figure 3.15 that provides three inputs (a;, b;, and
carry;) and two outputs (the sum bit s; and the carryover to the next column
carry;i+1) a full adder.

Figure 3.16 illustrates a circuit for adding two 4-bit binary numbers, using
four of the full adder circuits of Figure 3.15. Note that the carryout of column {
is an input to the addition performed in column i + 1.

3.3.4 The Programmable Logic Array (PLA)

Figure 3.17 illustrates a very common building block for implementing any collec-
tion of logic functions one wishes to. The building block is called a programmable
logic array (PLA). It consists of an array of AND gates (called an AND array)
followed by an array of OR gates (called an OR array). The number of AND gates
corresponds to the number of input combinations (rows) in the truth table. For n
input logic functions, we need a PLA with 2" n-input AND gates. In Figure 3.17,
we have 2% 3-input AND gates. The number of OR gates corresponds to the
number of output columns in the truth table. The implementation algorithm is
simply to connect the output of an AND gate to the input of an OR gate if the
corresponding row of the truth table produces an output 1 for that output column.
Hence the notion of programmable. That is, we say we program the connec-
_ tions from AND gate outputs to OR gate inputs to implement our desired logic
functions.

Figure 3.15 showed eight AND gates connected to two OR gates since our
requirement was to implement two functions (sum and carry) of three input vari-
abls:s. Figure 3.17 shows a PLA that can implement any four functions of three
variables one wishes to, by appropriately connecting AND gate outputs to OR

63
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Figure 3.17 A programmable logic array

3.3.5 Logical Completeness

Before we leave the topic of combinational logic circuits, it is worth noting an
important property of building blocks for logic circuits: logical completeness. We
showed in Section 3.3.4 that any logic function we wished to implement could be
accomplished with a PLA. We saw that the PLA consists of only AND gates, OR
gates, and inverters. That means that any logic function we wish to implement can
be accomplished, provided that enough AND, OR, and NOT gates are available.
We say that the set of gates {AND, OR, NOT} is logically complete because
we can build a circuit to carry out the specification of any truth table we wish
without using any other kind of gate. That is, the set of gates {AND, OR, and
\ NOT} is logically complete because a barrel of AND gates, a barrel of OR gates,
| and a barrel of NOT gates are sufficient to build a logic circuit that carries out the
\ specification of any desired truth table. The barrels may have to be big ones, but
‘ the point is, we do not need any other kind of gate to do the job.

14 Basic Storage Elements

Recall our statement at the beginning of Section 3.3 that there are two kinds of
logic structures, those that involve the storage of information and those that do
not. We have discussed three examples of those that do not: the decoder, the mux,
and the full adder. Now we are ready to discuss logic structures that do include
the storage of information.

'~ 3.4.1 The R-S Latch

" A simple example of a storage element is the R-S latch. It can store one bit of
information. The R-S latch can be implemented in many ways, the simplest being
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the one shown in Figure 3.18. Two 2-input NAND gates are connected such that
the output of each is connected to one of the inputs of the other. The remaining
inputs § and R are normally held at a logic level 1.

The R-S latch works as follows: We start with what we call the quiescent (or
quiet) state, where inputs S and R both have logic value 1. We consider first the
case where the output a is 1. Since that means the input A equals 1 (and we know
the input R equals 1 since we are in the quiescent state), the output b must be 0.
That, in turn, means the input B must be 0, which results in the output a equal to
1. As long as the inputs S and R remain 1, the state of the circuit will not change.
We say the R-S latch stores the value 1 (the value of the output a).

If, on the other hand, we assume the output a is 0, then the input A must
be 0, and the output & must be 1. This, in tumn, results in the input B equal to 1,
and combined with the input S equal to 1 (again due to quiescence) results in the
output a equal to 0. Again, as long as the inputs S and R remain 1, the state of
the circuit will not change. In this case, we say the R-S latch stores the value 0.

The latch can be set to 1 by momentarily setting S to 0, provided we keep
the value of R at 1. Similarly, the latch can be set to 0 by momentarily setting R
to 0, provided we keep the value of § at 1. We use the term sez to denote setting a
variable to 0 or 1, as in “set to 0” or “set to 1.” In addition, we often use the term
clear to denote the act of setting a variable to 0.

If we clear S, then a equals 1, which in turn causes A to equal 1. Since R is
also 1, the output at b must be 0. This causes B to be 0, which in turn makes a
equal to 1. If we now return S to 1, it does not affect a, since B is also 0, and only
one input to a NAND gate must be 0 in order to guarantee that the output of the
NAND gate is 1. Thus, the latch continues to store a 1 long after S returns to 1.

In the same way, we can clear the latch (set the latch to 0) by momentarily
setting R to 0.

‘We should also note that in order for the R-S latch to work properly, one must
take care that it is never the case that both S and R are allowed to be set to 0 at
the same time. If that does happen, the outputs a and b are both 1, and the final
state of the latch depends on the electrical properties of the transistors making up
the gates and not on the logic being performed. How the electrical properties of
the transistors will determine the final state in this case is a subject we will have
to leave for a later semester.

65
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3.4.2 The Gated D Latch

To be useful, it is necessary to control when a latch is set and when it is cleared.
A simple way to accomplish this is with the gated latch.

Figure 3.19 shows a logic circuit that implements a gated D latch. It consists
of the R-S latch of Figure 3.18, plus two additional gates that allow the latch to be
set to the value of D, but only when WE is asserted. WE stands for write enable.
When WE is not asserted (i.e., when WE equals 0), the outputs S and R are both
equal to 1. Since S and R are also inputs to the R-S latch, if they are kept at 1, the
value stored in the latch remains unchanged, as we explained in Section 3.4.1.
When WE is momentarily asserted (i.e., set to 1), exactly one of the outputs S or
R is set to 0, depending on the value of D. If D equals 1, then S is set to 0. If D
equals 0, then both inputs to the lower NAND gate are 1, resulting in R being set
t0 0. As we saw earlier, if S is set to 0, the R-S latch is set to 1. If R is set to 0,
the R-S latch is set to 0. Thus, the R-S latch is set to 1 or 0 according to whether
D is 1 or 0. When WE returns to 0, S and R return to 1, and the value stored in
the R-S latch persists.

3.4.3 A Register

We have already seen in Chapter 2 that it is useful to deal with values consisting
of more than one bit. In Chapter 5, we will introduce the LC-3 computer, where
most values are represented by 16 bits. It is useful to be able to store these larger
numbers of bits as self-contained units. The register is a structure that stores a
number of bits, taken together as a unit. That number can be as large as is useful
or as small as 1. In the LC-3, we will need many 16-bit registers, and also a few
one-bit registers. We will see in Figure 3.33, which describes the internal structure

‘ of the LC-3, that PC, IR, and MAR are all 16-bit registers, and that N, Z,and P
| are all one-bit registers.

1 Figure 3.20 shows a four-bit register made up of four gated D latches. The
\ four-bit value stored in the register is 03, 05, Q1, Qo. The value D3, Dy, Dy,
} Dy can be written into the register when WE is asserted.

\ Note: A common shorthand notation to describe a sequence of bits that are
\ numbered as just described is Q[3:0]. That is, each bit is assigned its own bit
i number. The rightmost bit is bit [0], and the numbering continues from right to

WE

I ;

Figure 3.19 A gated D latch
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Figure 3.20 A four-bit register

left. If there are n bits, the leftmost bit is bit [n — 1]. For example, in the following
16-bit pattern,

0011101100011110

bit [15] is O, bit [14] is O, bit [13] is 1, bit [12] is 1, and so on.

We can designate a subunit of this pattern with the notation Q[/:r], where [
is the leftmost bit in the subunit and r is the rightmost bit in the subunit. We call
such a subunit a field.

In this 16-bit pattern, if A[15:0] is the entire 16-bit pattern, then, for example:

A[15:12] 4is 0011
A[13:7] is 1110110
A[2:0] 4is 110
Al1:1] is 1

‘We should also point out that the numbering scheme from right to left is purely
arbitrary. We could just as easily have designated the leftmost bit as bit [0] and
numbered them from left to right. Indeed, many people do. So, it is not important
whether the numbering scheme is left to right or right to left. But it is important
that the bit numbering be consistent in a given setting, that is, that it is always
done the same way. In our work, we will always number bits from right to left.

3.5 The Concept of Memory

We now have all the tools we need to describe one of the most important structures
in the electronic digital computer, its memory. We will see in Chapter 4 how
memory fits into the basic scheme of computer processing, and you will see
throughout the rest of the book and indeed the rest of your work with computers
how important the concept of memory is to computing.

_ Memory is made up of a (usually large) number of locations, each uniquely
identifiable and each having the ability to store a value. We refer to the unique
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identifier associated with each memory location as its address. We refer to the
number of bits of information stored in each location as its addressability.

For example, an advertisement for a personal computer might say, “This
computer comes with 16 megabytes of memory.” Actually, most ads generally use
the abbreviation 16 MB. This statement means, as We will explain momentarily,
that the computer system includes 16 million memory locations, each containing
1 byte of information.

3.5.1 Address Space

We refer to the total number of uniquely identifiable locations as the memory’s
address space. A 16 MB memory, for example, refers to a memory that consists
of 16 million uniquely identifiable memory locations.

Actually, the number 16 million is only an approximation, due to the way we
identify memory locations. Since everything else in the computer is represented by
sequences of 0s and 1, it should not be surprising that memory locations are iden-
tified by binary addresses as well. With 7 bits of address, we can uniquely identify
27 Jocations. Ten bits provide 1,024 locations, which is approximately 1,000. If
we have 20 bits to represent each address, we have 220 yniquely identifiable loca-
tions, which is approximately 1 million. Thus 16 mega really corresponds to the
number of uniquely identifiable locations that can be specified with 24 address
bits. We say the address space is 224, which is exactly 16,777,216 locations, rather
than 16,000,000, although we colloquially refer to it as 16 million.

3.5.2 Addressability

The number of bits stored in each memory location is the memory’s address-
ability. A 16 megabyte memory is a memory consisting of 16,777,216 memory
locations, each containing 1 byte (i.e., 8 bits) of storage. Most memories are byte-
addressable. The reason is historical; most computers got their start processing
data, and one character stroke on the keyboard corresponds to one 8-bit ASCII
character, as we learned in Chapter 2. If the memory is byte-addressable, then each
ASCII code occupies one location in memory. Uniquely identifying each byte of
\ memory allowed individual bytes of stored information to be changed easily.
| Many computers that have been designed specifically to perform large scien-
\ tific calculations are 64-bit addressable. This is due to the fact that numbers used
‘ in scientific calculations are often represented as 64-bit floating point quantities.
\ Recall that we discussed the floating point data type in Chapter 2. Since scientific
calculations are likely to use numbers that require 64 bits to represent them, it is
\ reasonable to design a memory for such a computer that stores one such number
‘ in each uniquely identifiable memory location.

\ 3.5.3 A 22-by-3-Bit Memory

Figure 3.21 illustrates a memory of size 2% by 3 bits. That is, the memory has an

\‘1 address space of four locations, and an addressability of 3 bits. A memory of size
: 22 requires 2 bits to specify the address. A memory of addressability 3 stores 3 bits
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Figure 3.21 A 22-by-3-bit memory

" of information in each memory location. Accesses of memory require decoding
the address bits. Note that the address decoder takes as input A[1:0] and asserts
exactly one of its four outputs, corresponding to the word line being addressed. In
Figure 3.21, each row of the memory corresponds to a unique three-bit word; thus
the term word line. Memory can be read by applying the address A[1:0], which
asserts the word line to be read. Note that each bit of the memory is ANDed
with its word line and then ORed with the corresponding bits of the other words.
Since only one word line can be asserted at a time, this is effectively a mux with
the output of the decoder providing the select function to each bit line. Thus, the
appropriate word is read.

Figure 3.22 shows the process of reading location 3. The code for 3 is 11.
The address A[1:0] = 11 is decoded, and the bottom word line is asserted. Note
that the three other decoder outputs are not asserted. That is, they have the value
0. The value stored in location 3 is 101. These three bits are each ANDed with
their word line producing the bits 101, which are supplied to the three output
OR gates. Note that all other inputs to the OR gates are 0, since they have been
produced by ANDing with unasserted word lines. The result is that D[2:0] = 101.
That is, the value stored in location 3 is output by the OR gates. Memory can
be written in a similar fashion. The address specified by A[1:0] is presented to
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A[1:0] Djl2] D{1] Dj[0]
11
0
WE;i%E;
0 0
L
— 0 — ol— 1 0
DTS
e
I
DI
0
0 L 0 0

A=11
WE=0

1 0 1
Di2] Dl DIo]

Figure 3.22 Reading location 3 in our 22_py-3-bit memory

the address decoder, resulting in the correct word line being asserted. With WE
asserted as well, the three bits D;[2:0] can be written into the three gated latches
corresponding to that word line.

36 Sequential Logic Circuifs

In Section 3.3, we discussed digital logic structures that process information
(decision structures, we call them) wherein the outputs depend solely on the
values that are present on the inputs now. Examples are muxes, decoders, and full
adders. We call these structures combinational logic circuits. In these circuits there
is no sense of the past. Indeed, there is no capability for storing any information
of anything that happened before the present time. In Sections 3.4 and 3.5, we
described structures that do store information—in Section 3.4, some basic storage
elements, and in Section 3.5, a simple 22_by-3-bit memory.

In this section, we discuss digital logic structures that can both process infor-
mation (i.e., make decisions) and store information. That is, these structures base

their decisions not only on the input values now present, but also (and this is
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Input | Combinational = Output
logic circuit

Storage
elements

Figure 3.23 Sequential logic circuit block diagram

very important) on what has happened before. These structures are usually called
sequential logic circuits. They are distinguishable from combinational logic cir-
cuits because, unlike combinational logic circuits, they contain storage elements
that allow them to keep track of prior history information. Figure 3.23 shows a
block diagram of a sequential logic circuit. Note the storage elements. Note, also,
that the output can be dependent on both the inputs now and the values stored in
the storage elements. The values stored in the storage elements reflect the history
of what has happened before.

Sequential logic circuits are used to implement a very important class of
mechanisms called finite state machines. We use finite state machines in essen-
tially all branches of engineering. For example, they are used as controllers of
electrical systems, mechanical systems, aeronautical systems, and so forth. A
traffic light controller that sets the traffic light to red, yellow, or green depends
on the light that is currently on (history information) and input information from
sensors such as trip wires on the road and optical devices that are monitoring
traffic.

We will see in Chapter 4 when we introduce the von Neumann model of a
computer that a finite state controller is at the heart of the computer. It controls
the processing of information by the computer.

3.6.1 A Simple Example: The Combination Lock

A simple example shows the difference between combinational logic structures
and sequential logic structures. Suppose one wishes to secure a bicycle with a
lock, but does not want to carry a key. A common solution is the combination
lock. The person memorizes a “combination” and uses this to open the lock. Two
common types of locks are shown in Figure 3.24.

In Figure 3.24a, the lock consists of a dial, with the numbers from 0 to 30
equally spaced around its circumference. To open the lock, one needs to know
the “combination.” One such combination could be: R13-L22-R3. If this were the
_ case, one would open the lock by turning the dial two complete turns to the right,
and then continuing until the dial points to 13, followed by one complete turn to
7 tlr}e left, and then continuing until the dial points to 22, followed by turning the
 dial again to the right until it points to 3. At that point, the lock opens. What is
Important here is the sequence of the turns. The lock will not open, for example
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(a) (b)
Figure 3.24 Combination locks

if one performed two turns to the right, and then stopped on 20, followed by one
complete turn to the left, ending on 22, followed by one turn to the right, ending
on 3. That is, even though the final position of the dial is 3, the lock would not
open. Why? Because the lock stores the previous rotations and makes its decision
(open or don’t open) on the basis of the current input value (R3) and the history of
the past operations. This mechanism is a simple example of a sequential structure.

Another type of lock is shown in Figure 3.24b. The mechanism consists of
(usually) four wheels, each containing the digits 0 through 9. When the digits
are lined up properly, the lock will open. In this case, the combination is the set
of four digits. Whether or not this lock opens is totally independent of the past
rotations of the four wheels. The lock does not care at all about past rotations.
The only thing important is the current value of each of the four wheels. This is
a simple example of a combinational structure.

It is curious that in our everyday speech, both mechanisms are referred to
as “combination locks.” In fact, only the lock of Figure 3.24bis a combinational
lock. The lock of Figure 3.24a would be better called a sequential lock!

3.6.2 The Concept of State

For the mechanism of Figure 3.24a to work properly, it has to keep track of the
sequence of rotations leading up to the opening of the lock. In particular, it has
to differentiate the correct sequence R13-1.22-R3 from all other sequences. For
example, R13-L.29-R3 must not be allowed to open the lock. Likewise, R10-L22-
R3 must also not be allowed to open the lock. The problem is that, at any one
time, the only external input to the lock is the current rotation.
For the lock of Figure 3.24a to work, it must identify several relevant
situations, as follows:
A. The lock is not open, and NO relevant operations have been
performed.

B. The lock is not open, but the user has just completed the
R13 operation.

¢. The lock is not open, but the user has just completed R13,
followed by L22.

D. The lock is open.
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We have labeled these four situations A, B, C, and D. We refer to each of these
situations as the state of the lock.

The notion of state is a very important concept in computer engineering, and
actually, in just about all branches of engineering. The state of a mechanism—
more generally, the state of a system—is a snapshot of that system in which all
relevant items are explicitly expressed.

That is: The state of a system is a snapshot of all the relevant elements of the
system at the moment the snapshot is taken.

In the case of the lock of Figure 3.24a, there are four states A, B, C, and D.
Either the lock is open (State D), or if it is not open, we have already performed
either zero (State A), one (State B), or two (State C) correct operations. This is the
sum total of all possible states that can exist. Exercise: Why is that the case? That
is, what would be the snapshot of a fifth state that describes a possible situation
for the combination lock?

There are many common examples of systems that can be easily described
by means of states.

The state of a game of basketball can be described by the scoreboard in the
basketball arena. Figure 3.25 shows the state of the basketball game as Texas 73,
Oklahoma 68, 7 minutes and 38 seconds left in the second half, 14 seconds left
on the shot clock, Texas with the ball, and Texas and Oklahoma each with four
team fouls. This is a snapshot of the basketball game. It describes the state of
the basketball game right now. If, 12 seconds later, a Texas player were to score
a two-point shot, the new state would be described by the updated scoreboard.
That is, the score would then be Texas 75, Oklahoma 68, the time remaining in
the game would be 7 minutes and 26 seconds, the shot clock would be back to 25
seconds, and Oklahoma would have the ball.

The game of tic-tac-toe can also be described in accordance with the notion
of state. Recall that the game is played by two people (or, in our case, a person

TEXAS ® O | OKLAHOMA

FOULS : 4 FOULS : 4

= .. OB

HALF O @

'

SHOT CLOCK

L

Figure 3.25 an example of a state

73
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Figure 3.26 Three states in a tic-tac-toe machine

and the computer). The state is a snapshot of the game in progress each time the
computer asks the person to make a move. The game is played as follows: There
are nine locations on the diagram. The person and then the computer take turns
placing an X (the person) and an O (the computer) in an empty location. The
person goes first. The winner is the first to place three symbols (three Xs for the
person, three Os for the computer) in a straight line, either vertically, horizontally,
or diagonally.

The initial state, before either the person or computer has had a turn, is shown
in Figure 3.26a. Figure 3.26b shows a possible state of the game when the person
is prompted for a second move, if he/she put an X in the upper left corner as the
first move. In the state shown, the computer put an O in the middle square as its
first move. Figure 3.26c shows a possible state of the game when the person 1s
being prompted for a third move if he/she put an X in the upper right corner on
the second move (after putting the first X in the upper left corner). In the state
shown, the computer put its second O in the upper middle location.

3.6.3 Finite State Machines

We have seen that a state is a snapshot of all relevant parts of a system at 2
particular point in time. At other times, that system can be in other states. The
behavior of a system can often be best understood by describing it as a finite state

machine.
A finite state machine consists of five elements:

a finite number of states

a finite number of external inputs

a2 finite number of external outputs

an explicit specification of all state transitions

an explicit specification of what determines each external
\ output value.

Ul W N

\ The set of states represents all possible situations (or snapshots) that th
\ system can be in. Each state transition describes what it takes to get from on
\ state to another.

f\ The State Diagram

| A finite state machine can be conveniently represented by means of a state dia
n gram. Figure 3.27 is an example of a state diagram. A state diagram is drawn as
set of circles, where each circle corresponds to one state, and a set of connection
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Figure 3.27 A state diagram

between some of the states, where each connection is drawn as an arrow. The more
sophisticated term for “connection” is arc. Each arc identifies the transition from
one state to another. The arrowhead on each arc specifies which state the system
is coming from, and which state it is going to. We refer to the state the system is
coming from as the current state, and the state it is going to as the next state. The
finite state machine represented by the state diagram of Figure 3.27 consists of
three states, with six state transitions. Note that there is no state transition from
state Y to state X.
1t is often the case that from a current state there are multiple transitions to

next states. The state transition that occurs depends on the values of the external
inputs. In Figure 3.27, if the current state is state X and the external input has
value 0, the next state is state Y. If the current state is state X and the external
input has the value 1, the next state is state Z. In short, the next state is determined
by the combination of the current state and the current external input.
The output values of a system can be determined just by the current state of
the system, or they can be determined by the combination of the current state and
the values of the current external inputs. In all the cases we will study, the output
values are specified by the current state of the system. In Figure 3.27, the output is
101 when the system is in state X, the output is 110 when the system is in state Y,
and 001 when the system is in state Z.
Figure 3.28 is a state diagram of the combination lock of Figure 3.24a, for
which the correct combination is R13, L22, R3. Note the four states, labeled A,
B, €, D, identifying whether the lock is open, or, in the cases where it is not open,
the number of correct rotations performed up to now. The external inputs are the
possible rotation operations. The output is the condition “open” or “do not open.”
The output is explicitly associated with each state. That is, in states A, B, and C,
the output is “do not open.” In state D, the output is “open.” Note further that the
_arcs” out of each state comprise all possible operations that one could perform
When the mechanism is in that state. For example, when in state B, all possible

ofations can be described as (1) 1.22 and (2) everything except L22. Note that
there are two arrows emanating from state B in Figure 3.28, corresponding to
these two cases.
We could similarly draw a state diagram for the basketball game we described
ﬁaﬂif.:r, where each state would be one possible configuration of the scoreboard. A
ansition would occur if either the referee blew a whistle or the other team got the
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Other than L22

Figure 3.28 State diagram of the combination lock of Figure 3.24

ball. We showed earlier the transition that would be caused by Texas scoring a two-
point shot. Clearly, the number of states in the finite state machine describing a
basketball game would be huge. Also clearly, the number of legitimate transitions
from one state to another is small, compared to the number of arcs one could draw
connecting arbitrary pairs of states. The input is the activity that occurred on the
basketball court since the last transition. Some input values are: Texas scored two
points, Oklahoma scored three points, Texas stole the ball, Oklahoma successfully
rebounded a Texas shot, and so forth. The output is the final result of the game.
The output has three values: Game still in progress, Texas wins, Oklahoma wins.

Can one have an arc from a state where the score is Texas 30, Oklahoma 28
to a state where the score is tied, Texas 30, Oklahoma 30? See Exercise 3.38.

Is it possible to have two states, one where Texas is ahead 30-28 and the other
where the score is tied 30-30, but no arc between the two? See Exercise 3.39.

‘ The Clock

\ There is still one important property of the behavior of finite state machines tha
‘ we have not discussed—the mechanism that triggers the transition from one state
‘ to the next. In the case of the “sequential” combination lock, the mechanism it
| the completion of rotating the dial in one direction, and the start of rotating the
| dial in the opposite direction. In the case of the basketball game, the mechanisn
\ is triggered by the referee blowing a whistle, or someone scoring or the othe
' team otherwise getting the ball.

Frequently, the mechanism that triggers the transition from one state to the
! next is a clock circuit. A clock circuit, or, more commonly, a clock, is a signa
whose value alternates between 0 volts and some specified fixed voltage. In digita
logic terms, a clock is a signal whose value alternates between 0 and 1. Figure 3.2
illustrates the value of the clock signal as a function of time. A clock cycle is ol
interval of the repeated sequence of intervals shown in Figure 3.29.
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Figure 3.29 A clock signal
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Figure 3.30 A traffic danger sign

In electronic circuit implementations of a finite state machine, the transition
from one state to another occurs at the start of each clock cycle.

3.6.4 An Example: The Complete Implementation
of a Finite State Machine

We conclude this section with the logic specification of a sequential logic circuit

that implements a finite state machine. Our example is a controller for a traffic

danger sign, as shown in Figure 3.30. Note the sign says, “Danger, Move Right.”

The sign also contains five lights (labeled 1 through 5 in the figure).

Like many sequential logic circuits, the purpose of our controller is to direct

he behavior of a system. In our case, the system is the set of lights on the traffic

anger sign. The controller’s job is to have the five lights flash on and off as

lows: During one cycle, all lights will be off. The next cycle, lights 1 and 2 .
Lbe on. The next cycle, lights 1, 2, 3, and 4 will be on. The next cycle, all five

hts will be on. Then the sequence repeats: next cycle, no lights on, followed

1 and 2 on, followed by 1, 2, 3, and 4 on, and so forth. Each cycle is to last
econd.
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00 01

1
Figure 3.31 State diagram for the traffic danger sign controller

Figure 3.31 is a finite state machine that describes the behavior of the traffic
danger sign. Note that there are four states, one for each of the four relevant
situations. Note the transitions from each state to the next state. If the switch is
on (input = 1), the lights flash in the sequence described. If the switch is turned
off, the state always transfers immediately to the “all off” state.

Figure 3.32 shows the implementation of a sequential logic circuit that imple-
ments the finite state machine of Figure 3.31. Figure 3.32a is a block diagram,
similar to Figure 3.23. Note that there is one external input, a switch that deter-
mines whether or not the lights should flash. There are three external outputs,
one to control when lights 1 and 2 are on, one to control when lights 3 and 4 are
on, and one to control when light 5 is on. Note that there are two internal storage
elements that are needed to keep track of which state the controller is in, which
is determined by the past behavior of the traffic danger sign. Note finally that
there is a clock signal that must have a cycle time of | second in order for the
state transitions to occur every } second.

The only relevant history that must be retained is the state that we are transi-
tioning from. Since there are only four states, we can uniquely identify them with
two bits. Therefore, only two storage elements are needed. Figure 3.31 shows the
two-bit code used to identify each of the four states.

Combinational Logic

Figure 3.32b shows the combinational logic circuit required to complete the imple-
mentation of the controller for the traffic danger sign. Two sets of outputs of the
combinational logic circuit are required for the controller to work properly: a set
of external outputs for the lights and a set of internal outputs to determine the
inputs to the two storage elements that keep track of the state.

First, let us look at the outputs that control the lights. As we have said, there
are only three outputs necessary to control the lights. Light 5 is controlled by the
output of the AND gate labeled X, since the only time light 5 is on is if the switch
is on, and the controller is in state 11. Lights 3 and 4 are controlled by the output
of the OR gate labeled Y, since there are two states in which those lights are on,
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those labeled 10 and 11. Why are lights 1 and 2 controlled by the output of the
OR gate labeled Z? See Exercise 3.42.

Next, let us look at the internal outputs that control the storage elements.
Storage element 1 should be set to 1 for the next clock cycle if the next state is to
be 10 or 11. This is true only if the switch is on and the current state is either 01 or
10. Therefore the output signal that will make storage element 1 be 1 in the next
clock cycle is the output of the OR gate labeled W. Why is the next state of storage
element 2 controlled by the output of the OR gate labeled U? See Exercise 3.42.

Storage Elements

The last piece of logic needed for the traffic danger sign controller is the logic
circuit for the two storage elements shown in Figure 3.32a. Why can’t we use the
the gated D latch discussed in Section 3.4, one might ask? The reasonis as follows:
During the current clock cycle the output of the storage element is an internal input
to the combinational logic circuit, and the output of the combinational logic circuit
is an input to the storage element that must not take effect until the start of the next
clock cycle. If we used a gated D latch, the input would take effect immediately
and overwrite the value in the storage element, instead of waiting for the start of
the next cycle.

To prevent that from happening, a simple logic circuit for implementing
the storage element is the master-slave flip-flop. A master-slave flip-flop can be
constructed out of two gated D latches, as shown in Figure 3.32c. During the first
half of the clock cycle, it is not possible to change the value stored in latch A.
Thus, whatever is in latch A is passed to latch B, which is an internal input to the
combinational logic circuit. During the second half of the clock cycle, it is not
possible to change the value stored in latch B, so the value present during the first
half of the clock cycle remains in latch B as the input to the combinational logic
circuit for the entire cycle. However, during the second half of the clock cycle, it
is possible to change the value stored in latch A. Thus the master-slave flip-flop
allows the current state to remain intact for the entire cycle, while the next state
is produced by the combinational logic to change latch A during the second half
of the cycle so as to be ready to change latch B at the start of the next cycle.

3.7 The Dara Path of the LC-3

In Chapter 5, we will specify a computer, which we call the LC-3, and you will
have the opportunity to write computer programs to execute on it. We close out
this chapter with Figure 3.33, which shows a block diagram of what we call the
data path of the LC-3 and the finite state machine that controls all the LC-3
¥ actions. The data path consists of all the logic structures that combine to process
| information in the core of the computer. Right now, Figure 3.33 is undoubtedly
11‘] more than a little intimidating, and you should not be concerned by that. You are
not ready to analyze it yet. That will come in Chapter 5. We have included it here.
however, only to show you that you are already familiar with many of the basic
structures that make up a computer. That is, you already know how most of the
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elements in the data path work, and furthermore, you know how those elements
are constructed from gates. For example, PC, IR, MAR, and MDR are registers
and store 16 bits of information each. Each wire that is labeled with a cross-hatch
16 represents 16 wires, each carrying one bit of information. N, Z,and P are
one-bit registers. They could be implemented as master-slave flip-flops. There
are five muxes, one supplying a 16-bit value to the PC register, one supplying an
address to the MAR, one selecting one of two sources to the B input of the ALU,
and two selecting inputs to a 16-bit adder. In Chapter 5, we will see why these
elements must be connected as shown in order to execute the programs written
for the LC-3 computer. For now, just enjoy the fact that the components look
familiar. In Chapters 4 and 5, we will raise the level of abstraction again and put
these components together into a working computer.

e e

3.1 In the following table, write whether each type of transistor will act as an
open circuit or a closed circuit.

n-type p-type

Gate =1
Gate =0

3.2 Replace the missing parts in the circuit below with either a wire or no
wire to give the output OUT a logical value of 0 when the input IN is a
logical 1.

’/—‘\\I
IN=1 { %— ouT=0
l,——\\l

‘ 3.3 A two-input AND and a two-input OR are both examples of two-input
“ logic functions. How many different two-input logic functions are
\ possible?
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3.4 Replace the missing parts in the circuit below with either a wire or no
wire to give the output C a logical value of 1. Describe a set of inputs that
give the output C a logical value of 0. Replace the missing parts with
wires or no wires corresponding to that set of inputs.

LSRN
A—s—— | pype
1
B L) piype
e

PN .

S e
n-type <L- :

s

1
’,

3.5 Complete a truth table for the transistor-level circuit in Figure 3.34,

Figute 3.34 Diagram for Exercise 3.5
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3.6 For the transistor-level circuit in Figure 3.35, fill in the truth table. What

is Z in terms of A and B?

Figure 3.35 Diagram for Exercise 3.6

fy it? Hint: Evaluate

3.7 The circuit below has a major flaw. Can you identi
the circuit for all sets of inputs.

| A— b8

|
] ouT
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3.8 The transistor-level circuit below implements the logic equation given
below. Label the inputs to all the transistors.

Y= NOT (A AND (B OR C))

—
b—

—dL

e

3.9 Fill in the truth table for the logical expression NOT(NOT(A) OR
NOT(B)). What single logic gate has the same truth table?

NOT(NOT(A) OR NOT(B))

»—ar—loo>
_—O0 = O |

3.10 Fill in the truth table for a two-input NOR gate.
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3.11 a. Draw a transistor-level diagram for a three-input AND gate and
a three-input OR gate. Do this by extending the designs from
Figures 3.6a and 3.7a.

b. Replace the transistors in your diagrams from part a with either a wire
or no wire to reflect the circuit’s operation when the following inputs
are applied.
¢)) A=1,B=0,C=0
2) A=0,B=0,C=0
3) A=1,B=1C=1

3.12 Following the example of Figure 3.11a, draw the gate-level schematic
of a three-input decoder. For each output of this decoder, write the input
conditions under which that output will be 1.

3,13 How many output lines will a five-input decoder have?

3.14 How many output lines will a 16-input multiplexer have? How many
select lines will this multiplexer have?

3.15 If A and B are four-bit unsigned binary numbers, 0111 and 1011,
complete the table obtained when using a two-bit full adder from
Figure 3.15 to calculate each bit of the sum, S, of A and B. Check your
answer by adding the decimal value of A and B and comparing the sum
with S. Are the answers the same? Why or why not?

Cin 0
A 0 1 1 1
B 1 0 1 !
S

Cout

Lot O

3.16 Given the following truth table, generate the gate-level logic circuit,
using the implementation algorithm referred to in Section 3.3.4.

E

_ = O O O 2
»—-ﬂO»—AO»—aO»—tO(‘]

H)——\OO»——*»—AOO@
O»—A»—AO»—ﬂoo»—\N
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3.17 a. Given four inputs, A, B, C, and D and one output, Z, create a truth

3.18

table for a circuit with at least seven input combinations generating
1s at the output. (How many rows will this truth table have?)

Now that you have a truth table, generate the gate-level logic circuit
that implements this truth table. Use the implementation algorithm
referred to in Section 3.3.4.

Implement the following functions using AND, OR, and NOT logic
gates. The inputs are A, B, and the output is F.

a. F has the value 1 only if A has the value 0 and B has the value 1.

b.
c.

F has the value 1 only if A has the value 1 and B has the value 0.
Use your answers from (a) and (b) to implement a 1-bit adder.
The truth table for the 1-bit adder is given below.

A B Sum
0 0 0
0 1 1
1 0 1
1 1 0

Is it possible to create a 4-bit adder (a circuit that will correctly add
two 4-bit quantities) using only four copies of the logic diagram
from (c)? If not, what information is missing? Hins: When A = 1
and B = 1, a sum of 0 is produced. What information is not
dropped?

Logic circuit 1 in Figure 3.36 has inputs A, B, C. Logic circuit 2 in
Figure 3.37 has inputs A and B. Both logic circuits have an output D.
There is a fundamental difference between the behavioral characteristics
of these two circuits. What is it? Hint: What happens when the voltage
atinput A goes from 0 to 1 in both circuits?

C‘

Bh

Figure 3.36 Logic circuit 1 for

A

}

Figure 3.37 Logic circuit 2 for
Exercise 3.19 Exercise 3.19

A B

87
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320 Generate the gate-level logic that implements the following truth table.
From the gate-level structure, generate a transistor diagram that
implements the logic structure. Verify that the transistor
diagram implements the truth table.

ing ing f(ing, iny)
0 0 1

0 1 0

1 0 1

1 1 1

3.21 You know a byte is 8 bits. We call a 4-bit quantity a nibble. Ifa
byte-addressable memory has a 14-bit address, how many nibbles of
storage are in this memory?

3,22 Implement a 4-to-1 mux using only 2-to-1 muxes making sure to properly
connect all of the terminals. Remember that you will have 4 inputs, 2
control signals, and 1 output. Write out the truth table for this circuit.

3.23 Given the logic circuit in Figure 3.38, fill in the truth table for the output

value Z.

A B C Z
0 0 0
0 0 1
0 1 0
0 il 1
1 0 0
1 0 1
1 1 0
1 1 1

A

B Z

\ C

Figure 3.38 Diagram for Exercise 3.23
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A3 B3 C3 A2 B2 C2 Al B1 C1 A0 BO CoO
A X
+ + + I
Carry-in Carry-in Carry-in Carry-in
83 S2 S1 S0

Figure 3.39 Diagram for Exercise 3.24

3.24 a. Figure 3.39 shows a logic circuit that appears in many of today’s
processors. Each of the boxes is a full-adder circuit. What does the
value on the wire X do? That is, what is the difference in the output
of this circuit if X = 0 versusif X = 1?

b. Construct a logic diagram that implements an adder/subtracter. That
is, the logic circuit will compute A + B or A — B depending on
the value of X. Hint: Use the logic diagram of Figure 3.39 as a
building block.

3.25 Say the speed of a logic structure depends on the largest number of logic
gates through which any of the inputs must propagate to reach an output.
Assume that a NOT, an AND, and an OR gate all count as one gate
delay. For example, the propagation delay for a two-input decoder
shown in Figure 3.11 is 2 because some inputs propagate through
two gates.

a. What is the propagation delay for the two-input mux shown in
Figure 3.127

b. What is the propagation delay for the 1-bit full adder in
Figure 3.15?

¢. What is the propagation delay for the 4-bit adder shown in
Figure 3.16?

d. What if the 4-bit adder were extended to 32 bits?

89
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3.26 Recall that the adder was built with individual “slices” that produced a

sum bit and carryout bit based on the two operand bits A and B and the
carryin bit. We called such an element a full adder. Suppose We have a
3-to-8 decoder and two six-input OR gates, as shown below. Can we
connect them so that we have a full adder? If so, please do. (Hint: If an
input to an OR gate is not needed, we can simply put an input 0 on it and
it will have no effect on anything. For example, see the figure below.)

0
5
% Cis1

Decoder

3.27 For this question, refer to the figure below.

A %E:Z
S

4. Describe the output of this logic circuit when the select line S is 2
logical 0. That is, what is the output Z for each value of A?

b. Tf the select line S is switched from a logical 0 to 1, what will the
output be? :

¢. Is this logic circuit a storage element?
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3.28 Having designed a binary adder, you are now ready to design a 2-bit by
2-bit unsigned binary multiplier. The multiplier takes two 2-bit inputs
A[1:0] and B{1:0] and produces an output ¥ which is the product of
A[1:0] and B[1:0]. The standard notation for this is:

Y = A[1:0] - B[1:0]

a. What is the maximum value that can be represented in 2 bits for
A(A[1:0])?

b. What is the maximum value that can be represented in 2 bits for
B(B[1:0])?

¢. What is the maximum possible value of Y?

d. What is the number of required bits to represent the maximum value
of Y?

e. Write a truth table for the multiplier described above. You will have a
four-input truth table with the inputs being A[1], A[0], B{1], and
BJ[0].

f- Implement the third bit of output, Y[2] from the truth table using only
AND, OR, and NOT gates.

3.29 A 16-bit register contains a value. The value x75A2 is written into it. Can
the original value be recovered?

e
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3.30 A comparator circuit has two 1-bit inputs A and B and three 1-bit outputs
G (greater), E (Equal), and L (less than). Refer to Figures 3.40 and 3.41

for this problem.
Gislif A> B Eislif A=B LislifA<B
0 otherwise 0 otherwise 0 otherwise
A——> G
’ S —
Figure 3.40 Diagram for Exercise 3.30
A[3]— Gr—
E ——
B[3]— L
Al2] Gr—
E ——
B2]— L
EQUAL
ATl S —
E +—
B[] L
Al0] Gr—
E RS
B0]—

Figure 3.41 Diagram for Exercise 3.30

a. Draw the truth table for a 1-bit comparator.

G E L

»—A»—AOO>
- O = Ol

b. Implement G, E, and L using AND, OR, and NOT gates.

“\ ¢. Using the 1-bit comparator as a basic building block, construct a
| four-bit equality checker, such that output EQUAL is 1if

\ A[3:0] = B[3:0], 0 otherwise.
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3.31 If a computer has eight-byte addressability and needs three bits to access
a location in memory, what is the total size of memory in bytes?
3.32 Distinguish between a memory address and the memory’s addressability.
3.33 Using Figure 3.21, the diagram of the 4-entry, 22-by-3-bit memory.

a. To read from the fourth memory location, what must the values of
A[1:0] and WE be?

b. To change the number of entries in the memory from 4 to 60, how
many address lines would be needed? What would the addressability
of the memory be after this change was made?

¢. Suppose the minimum width (in bits) of the program counter (the
program counter is a special register within a CPU, and we will
discuss it in detail in the next chapter) is the minimum number of bits
needed to address all 60 locations in our memory from part (b). How
many additional memory locations could be added to this memory
without having to alter the width of the program counter?

G e
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3.34 For the memory shown in Figure 3.42:
a. What is the address space?
b. What is the addressability?
¢. What is the data at address 2?
All]
A[0] 1 I
eI~ - D
il i | ﬁb
AN 0
Di[3] & :
I
i
Di[2] ‘
j
Di[1] ‘
1
Di[0]

Figure 3.42

Diagram for Exercise 3.34

D[0]




3.35

3.36

3.37

.

3.38

3.39

3.40
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Given a memory that is addressed by 22 bits and is 3-bit addressable,
how many bits of storage does the memory contain?

A combinational logic circuit has two inputs. The values of those two
inputs during the past ten cycles were 01, 10, 11, 01, 10, 11, 01, 10, 11,
and O1. The values of these two inputs during the current cycle are 10.
Explain the effect on the current output due to the values of the inputs
during the previous ten cycles.

In the case of the lock of Figure 3.24a, there are four states A, B, C, and
D, as described in Section 3.6.2. Either the lock is open (State D), or if it
is not open, we have already performed either zero (State A), one

(State B), or two (State C) correct operations. This is the sum total of all
possible states that can exist. Exercise: Why is that the case? That is,
what would be the snapshot of a fifth state that describes a possible
situation for the combination lock?

Recall Section 3.6.2. Can one have an arc from a state where the score is
Texas 30, Oklahoma 28 to a state where the score is tied, Texas 30,
Oklahoma 307 Draw an example of the scoreboards (like the one in
Figure 3.25) for the two states.

Recall again Section 3.6.2. Is it possible to have two states, one where
Texas is ahead 30-28 and the other where the score is tied 30-30, but no
arc between the two? Draw an example of two scoreboards, one where
the score is 30-28 and the other where the score is 30-30, but there can be
no arc between the two. For each of the three output values, game in
progress, Texas wins, Oklahoma wins, draw an example of a scoreboard
that corresponds to a state that would produce that output.

Refer to Section 3.6.2. Draw a partial finite state machine for the game of
tic-tac-toe.

The IEEE campus society office sells sodas for 35 cents. Suppose they
install a soda controller that only takes the following three inputs: nickel,
dime, and quarter. After you put in each coin, you push a pushbutton to
register the coin. If at least 35 cents has been put in the controller, it will
output a soda and proper change (if applicable). Draw a finite state
machine that describes the behavior of the soda controller. Each state will
represent how much money has been put in (Hint: There will be seven of
these states). Once enough money has been put in, the controller will g0
to a final state where the person will receive a soda and proper change
(Hint: There are five such final states). From the final state, the next coin
that is put in will start the process again.

Refer to Figure 3.32b. Why are lights 1 and 2 controlled by the output of
the OR gate labeled Z? Why is the next state of storage element 2
controlled by the output of the OR gate labeled U?

95
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3.43 Shown in Figure 3.43 is an implementation of a finite state machine with
an input X and output Z.

a. Complete the rest of the following table.
S1, SO specifies the present state.
D1, DO specifies the next state.

——3— 7
D

L

el

so DO

S1 Dt

Clock
Figure 3.43 Diagram for Exercise 3.43

S1 SO0 X |DlI DO Z
0 0 O
o o0 1
0o 1 O
0 1 1|1 0 1
1 0 0
1 0 1
1 1 0
1 1 1

b. Draw the state diagram for the truth table from part a.

3.44 Prove that the NAND gate, by itself, is logically complete (see
Section 3.3.5) by constructing a logic circuit that performs the AND
function, a logic circuit that performs the NOT function, and a logic
circuit that performs the OR function. Use only NAND gates in these
\ three logic circuits.







